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AN EXOTIC T1S
4
WITH POSITIVE CURVATURE
KARSTEN GROVE, LUIGI VERDIANI, AND WOLFGANG ZILLER
Abstract. We construct a metric with positive sectional curvature on a 7-manifold which sup-
ports an isometry group with orbits of codimension 1. It is a connection metric on the total space
of an orbifold 3-sphere bundle over an orbifold 4-sphere. By a result of S. Goette, the manifold
is homeomorphic but not diffeomorphic to the unit tangent bundle of the 4-sphere.
Spaces of positive curvature play a special role in geometry. Although the class of manifolds
with positive (sectional) curvature is expected to be relatively small, so far there are only a
few known obstructions. Moreover, for closed simply connected manifolds these coincide with
the known obstructions to nonnegative curvature which are: (1) the Betti number theorem of
Gromov which asserts that the homology of a compact manifold with non-negative sectional
curvature has an a priori bound on the number of generators depending only on the dimension,
and (2) a result of Lichnerowicz and Hitchin implying that a spin manifold with non-trivial Aˆ
genus or generalized a genus cannot admit a metric with non negative curvature.
One way to gain further insight is to construct and analyze examples. This is quite difficult
and has been achieved only a few times. Aside from the classical rank one symmetric spaces,
i.e., the spheres and the projective spaces with their canonical metrics, and the recently proposed
deformation of the so-called Gromoll-Meyer sphere [PW2], examples were only found in the 60’s
by Berger [Be], in the 70’s by Wallach [Wa] and by Aloff and Wallach [AW], in the 80’s by
Eschenburg [E1, E2], and in the 90’s by Bazaikin [Ba]. The examples by Berger, Wallach and
Aloff-Wallach were shown, by Wallach in even dimensions [Wa] and by Berard-Bergery [BB] in odd
dimensions, to constitute a classification of simply connected homogeneous manifolds of positive
curvature, whereas the examples due to Eschenburg and Bazaikin typically are non-homogeneous,
even up to homotopy. All of these examples can be obtained as quotients of compact Lie groups
G with a biinvariant metric by a free isometric “two sided” action of a subgroup H ⊂ G × G.
Since a Lie group with a biinvariant metric has nonnegative curvature so do such quotients, and
in rare cases one even gets positive curvature. To achieve this no further curvature computations
are required, it suffices to show that any horizontal 2-plane, when translated back to the identity
in G, cannot contain two vectors whose Lie bracket is 0. See [Zi1] for a survey of the known
examples.
Our main purpose here is to present a new method for the construction of positively curved
manifolds, and to use it to exhibit one new manifold with positive curvature (see [De2] for an
independent and different approach):
Theorem A. There is a positively curved 7-manifold, which is homeomorphic, but not diffeo-
morphic to the unit tangent bundle of the 4-sphere.
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Our result is actually stronger than stated: We exhibit an explicit metric g and a 4-form η, and
prove that the modified curvature operator Rˆ+ ηˆ on the bundle of 2-forms (automatically having
the same “sectional curvatures”) is positive. Recall that Rˆ itself being positive is extremely strong
and only can happen for manifolds diffeomorphic to space forms [BW]. The idea to consider such
modified curvature operators was pioneered by Thorpe in dimension 4, and implemented in higher
dimensions by Pu¨ttmann [Pu¨], where it was shown that all homogeneous positively curved metrics
have strongly positive curvature in this sense. It is the first time, however, that this method has
been used to establish positivity of curvature in a new example.
The example is indeed a new one, since T1S
4 is 2-connected with third homotopy group Z2,
and the only other known 2-connected positively curved 7-manifolds are S7 and the Berger space
B7 = SO(5)/SO(3) with π3(B
7) = Z10 [Be]. It is a highly non-trivial and recent result due to
S. Goette [G] that our new example is diffeomorphic to a 3-sphere bundle over the 4-sphere, and
is homeomorphic but not diffeomorphic to T1S
4 (see [CE],[KS], and [Cr] for a proof that they
are homeomorphic). Furthermore, from [KZ],[To], it follows that it is not diffeomorphic to any
biquotient. We point out that it is not yet known if T1S
4 itself has a metric of positive curvature,
but P.Petersen and F.Wilhelm have shown that it supports a metric with positive curvature on
an open and dense set [PW1].
Our example, is the second among an explicitly given infinite sequence {Pk}, k = 1, 2, . . . of
2-connected cohomogeneity one SO(4) 7- manifolds with π3(Pk) = Zk for which no obstructions
to positive curvature are known (cf. [GWZ]), the first being P1 = S
7. By construction, the
subaction by S3 ⊂ SO(4) on Pk also yields the structure of an orbifold principle S3- bundle over
S
4, and our metric on P2 is an orbifold connection metric for this bundle. Here the orbifold
setting is crucial, since it is well known that a connection metric on a smooth S3 bundle over S4
has positive curvature only in the case of the Hopf bundle, where the total space is S7, [DR].
In general, the attempt to describe and eventually classify positively curved manifolds with
large isometry group provides a natural framework for a systematic search for new examples ( see
[Gr],[Wi2]). The manifold P2 has indeed emerged in this context: Specifically, in [V1, V2] and
[GWZ] an exhaustive description was given of all simply connected cohomogeneity one manifolds
that can possibly support an invariant metric with positive curvature. In addition to the normal
homogeneous manifolds of positive curvature and a subset among the Eschenburg and Bazaikin
spaces which admit a cohomogeneity one action, two infinite families, Pk, Qk and one exceptional
manifold R, all of dimension seven (with ineffective actions of S3× S3), appeared as the only
possible new candidates (see [GWZ] and the survey [Zi2]). Here Q1 is the normal homogeneous
positively curved Aloff-Wallach space ([Wi1]). Recently it was shown in [VZ2] that the exceptional
candidate R in fact does not admit an invariant metric with positive curvature.
It is a curious fact, as was proved in [GWZ], that the infinite families admit a different descrip-
tion: They are the two-fold universal covers, Pk → H2k−1 and Qk → H2k of the frame bundle Hℓ
of self-dual 2-forms associated to the self dual Einstein orbifolds Oℓ (S
4 with an SO(3) invariant
orbifold metric) constructed by Hitchin in [Hi1]. As such, these manifolds come with natural
3-Sasakian metrics, that in particular are (orbifold) connection metrics. There is a general nec-
essary and sufficient condition for a connection metric to have positive curvature once the fiber
is shrunk sufficiently (see [CDR]), that also applies in the orbifold context. In the special case
of 3-Sasakian metrics this is equivalent to the base having positive curvature. Unfortunately the
curvature of the Hitchin metrics are positive only for O1 and O2. However, on O3 (the base of P2)
this metric has positive curvature on a large region and only relatively small negative curvature
, see Figure 8 in [Zi2]. This suggests that it might be possible to make a small change of the
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Hitchin metric on O3 with positive curvature, choose a principal connection close to the Hitchin
connection, and get positive curvature on the total space after shrinking the metric on the fiber
sufficiently. We use the Hitchin metric and connection as a guide only. Our metric on the base,
and the principal connection, are explicitly given by polynomials. For this we divide the interval
on which the metric is defined into three subintervals, two close to the singular orbits, and a
larger one in the middle. Near the singular orbits we find functions consisting of polynomials of
degree 3. In the middle we glue with the unique polynomials of degree 5 such that the resulting
metric on the manifold is C2 (See (4.1) and (4.2) for the explicit formulas). It is then obvious
that any smooth C2 perturbation will have positive curvature as well. To prove that our metric
has positive curvature (on each piece), the crucial and non-trivial point is to find and add an
invariant 4-form so as to make the modified curvature operator positive definite when the fiber
metric is shrunk sufficiently. To prove positive definiteness, given our choices, boils down to
checking that specific polynomials with integer coefficients have no zeroes on a particular closed
interval. This is done by using Sturm’s theorem, which counts real zeroes of such polynomials by
computing the gcd of the polynomial and its derivative (i.e. applying the Euclidean algorithm).
The metric by O.Dearricott in [De2] differs from ours in that he deforms the self dual Hitchin
metric on the base of the orbifold bundle conformally, but keeps the principal connection as the
one coming from the Hitchin metric.
It is a natural conjecture that all the manifolds Pk and Qk admit invariant metrics of pos-
itive curvature. This would be particularly interesting for the Pk family, since they are all
2-connected, hence contradicting a conjecture in [FR]. This requires a more drastic change of
the Hitchin metrics on the base and hence difficulty in a natural choice of principal connection
using our method. It is not difficult to construct invariant metrics of positive curvature on the
base (using, e.g., Cheeger deformations), but corresponding choices of principal connections will
require new insights. We point out that the class of connection metrics, while simpler to work
with geometrically, is considerably smaller than the class of general invariant metrics. In partic-
ular, we will show that the manifold B7, although it admits a cohomogeneity one metric with
positive curvature, does not admit a connection metric with positive curvature.
Here is a short description of the individual sections. In Section 1 we describe the Pk as well
as the Qk families including all invariant metrics on them in terms of functions on the orbit space
interval. The imposed boundary conditions for these functions and general curvature formulas
are easily obtained and described in the Appendix. Section 2 is devoted to a discussion of connec-
tion metrics in our context and the corresponding simplified curvature formulas and smoothness
conditions. A discussion of the Thorpe method and how to choose a suitable invariant 4-form
is discussed in Section 3, and Section 4 describes the metric and the principal connection. The
proof that the constructed metric and chosen 4-form has positive definite “curvature operator”
is carried out in Section 5.
The present paper is a minor modification of [GVZ], first made available on the arXiv with a
different title.
It is a pleasure to thank Burkhard Wilking for helpful discussions and Peter Storm for sug-
gesting the use of Sturm’s theorem in our proof. The second and third named author were also
supported by IMPA in Rio de Janeiro and would like to thank the Institute for its hospitality.
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1. Candidates and their invariant metrics
To establish notation, we begin with a brief review of the basic description of cohomogeneity
one manifolds and their invariant metrics (for more details, we refer to [AA, GZ1, GWZ]).
Let G be a compact Lie group which acts isometrically on a compact Riemannian manifold M
with orbit space an interval. The interior points of the interval correspond to the principal orbits,
and the end points to the non-principal orbits B± (singular in the case of simply connected M).
Let c : [0, L]→M be a distance minimizing geodesic parameterized by arclength connecting the
non-principal orbits. The isotropy group at c(0) is denoted by K− and the one at c(L) by K+.
The principal isotropy group, constant for c(t), 0 < t < L, is denoted by H. Since the boundary
of tubes around the singular orbits must be regular orbits, we have that K±/H are spheres.
An important property of cohomogeneity one manifolds is that a converse also holds: If we have
compact groups with inclusions H ⊂ {K−,K+} ⊂ G satisfying K±/H = Sℓ±, then one can define
a cohomogeneity one manifold by gluing the two disc bundles G ×K− Dℓ−+1 and G ×K+ Dℓ++1
along their common boundary G/H via the identity. One possible description of our manifold is
thus simply in terms of the diagram of groups H ⊂ {K−,K+} ⊂ G.
To describe a G invariant metric onM , it suffices to describe the metric along c. For 0 < t < L,
c(t) is a regular point with constant isotropy group H and the metric on the principal orbits
Gc(t) = G/H is a smooth family of homogeneous metrics gt. Thus on the regular part the metric
〈 , 〉c(t) = gc(t) is determined by
gc(t) = d t
2 + gt,
and since the regular points are dense it also describes the metric on M . In terms of a fixed
biinvariant inner product Q on the Lie algebra g and corresponding Q-orthogonal splitting g =
h⊕m we have Ad(H)(m) ⊂ m and the tangent space to G/H at c(t), t ∈ (0, L) is identified with m
via action fields: X ∈ m→ X∗(c(t)). With this terminology the metric gt is an Ad(H)-invariant
inner product on m. In terms of Q we also have the representation
gt(X
∗, Y ∗) = Q(Pt(X), Y )
where Pt : m→ m is a positive, symmetric Ad(H) equivariant operator for each t ∈ (0, L). When
extended to the closed interval 0 ≤ t ≤ L, gt degenerates at the end points, and smoothness of
the metric on M , correspond to explicit boundary conditions for gt at 0 and at L imposed by
invariance (cf. [BH],[EW]).
We will now recall the explicit description of our specific candidates from [GWZ] in terms of
group diagrams as above, and use it to describe all smooth invariant metrics on them.
Metrics on the P family.
Regarding S3 as the unit quaternions, the group diagram for Pk is given by:
(1.1) H = ∆Q ⊂ {(eiθ, eiθ) ·H , (ej(1+2k)θ, ej(1−2k)θ) ·H} ⊂ S3× S3,
where H is isomorphic to the quaternion group Q = {±1,±i,±j,±k}, embedded diagonally in
S3× S3. The signs of these slopes differ from the ones in [GWZ], but do not affect the equivariant
diffeomorphism type since we can conjugate all groups by (1, i). This change simplifies the
smoothness conditions.
Since H is finite in our case, m = h⊥ = g with the notation above. For a basis of g we let Xi
and Yi be the left invariant vector fields on S
3× S3 corresponding to i, j and k in the Lie algebras
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of the first and second S3 factor of G. The adjoint action of H is in our case by sign changes in
the basis vectors Xi, Yi. For example, Ad(i, i) fixes X1 and Y1 and multiplies X2, Y2,X3, Y3 by
−1, and similarly for (j, j), (k, k) ∈ H. This implies in particular that
〈X∗i ,X∗j 〉 = 〈X∗i , Y ∗j 〉 = 〈Y ∗i , Y ∗j 〉 = 0 for all i 6= j
The metric is therefore described by 9 functions:
(1.2) fi(t) = 〈X∗i ,X∗i 〉c(t) , gi(t) = 〈Y ∗i , Y ∗i 〉c(t) , hi(t) = 〈X∗i , Y ∗i 〉c(t)
all defined on [0, L].
Metrics on the Q family.
For completeness, we now shortly discuss the second family of candidates. The group diagram
for Qk is given by
(1.3) H ≃ Z2 ⊕ Z4 = {(±1,±1), (±i,±i)} ⊂ {(eiθ , eiθ) ·H , (ej(k+1)θ, e−jkθ) ·H} ⊂ S3× S3 .
We point out that in this case, since H is smaller than for Pk, a general cohomogeneity one
metric can have other non-zero inner products of the basis vectors Xi, Yi, but the curvature
formulas in the general case are significantly more complicated. Moreover, metrics lifted from
the corresponding Z2 quotients Hℓ are of the above form.
Additional strong restrictions on the functions defining the metric on Pk or Qk are imposed at
the end points of the interval [0, L], where the principal orbits collapse and is carried out for our
candidates in the Appendix (see Theorem 6.1). The curvature tensor of a general cohomogeneity
one metric on Pk and Qk is easily obtained from known formulas and is discussed in the Appendix
as well (see Theorem 6.6).
2. Connection Metrics
We now restrict our general type of cohomogeneity one metrics to so-called connection metrics.
This will simplify the curvature formulas significantly (in particular when the vertical part of the
metric is scaled by ǫ), but also enables one to understand the behavior of the functions in a more
geometric fashion.
In general, when G contains a normal subgroup L⊳G which acts freely (or almost freely) onM
the quotient map π :M → M/L is a principal (orbifold) L bundle over the G/L cohomogeneity
one (orbifold) base B = M/L. In this case, a subfamily of invariant metrics are connection
metrics, i.e., metrics of the form
(2.1) 〈U, V 〉 = gB(π∗(U), π∗(V )) +Q(θ(U), θ(V ))
where gB is a (G/L invariant) metric on the base B, Q a bi-invariant metric on l, and θ a (G
invariant) connection, i.e., an invariant choice of a complement to the tangent spaces of the
L-orbits. Note that one gets a natural family of such metrics simply by scaling Q by ǫ.
In our case, the above discussion applies to L = S3×{1} ⊂ S3× S3 = G. Indeed, since L
is a normal subgroup of G, the isotropy groups of L are simply the intersection of L with the
isotropy groups along c(t). For Pk the isotropy groups are hence trivial on B− and the principal
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orbits, and along B+ equal to {ej(1+2k)θ | ej(1−2k)θ = 1} ≃ Z2k−1. We thus have an orbifold
principal S3 bundle, π : Pk → Pk/S3×{1} = B. The base B carries a cohomogeneity action
induced by {1} × S3 since it commutes with L. Its isotropy groups are eiθ ·H , ejθ ·H , where
H = {±1,±i,±j,±k}. This action is Z2 ineffective, and the corresponding effective action by
SO(3) is in fact the remarkable cohomogeneity one action on S4, whose extension to R5, viewed as
the symmetric traceless 3×3 matrices, is by conjugation, see e.g. [GZ1]. Each of the two singular
orbits are the so-called Veronese surfaces RP2 ⊂ S4. The metric on B is smooth except along
the right singular orbit B+/S
3 = RP2 where the “normal bundle” has fibers that are Euclidean
cones over circles of length 2π/(2k − 1).
Similarly, from the isotropy groups of the S3× S3 action on Qk in (1.3), it again follows that
S3×{1} ⊂ S3× S3 acts almost freely with isotropy groups along B+ equal to {ej(k+1)θ | ejkθ =
1} ≃ Zk, and trivial otherwise. In this case, the base Qk/S3×{1} has an induced action by S3
with isotropy groups eiθ ·H , ejθ ·H , where H = {±1,±i}. This action is again Z2 ineffective
and the induced action by SO(3) has the same isotropy groups as the action of SO(3) ⊂ SU(3)
on CP2, see e.g. [Zi2]. The metric on the base CP2 is also smooth everywhere in this case, except
along the right singular orbit where the normal spaces are cones on circles of length 2π/k.
To make the discussion of Pk and Qk more uniform, we can further compose the projection
π : Qk → Qk/S3×{1} = CP2 with the two fold branched cover CP2 → S4 obtained orbitwise from
the respective SO(3) actions. From the above description of the isotropy groups of these actions
one sees that this is a 2-fold cover along the principal orbits and the left hand side singular orbit.
But along the right hand side singular orbit it is a diffeomorphism, which can thus be considered
to be the branching locus. Orthogonal to this singular orbit it divides angles by 2. Thus we can
also regard Qk as an orbifold principal bundle over S
4 with angle normal to B+ equal to 2π/(2k).
As we will see shortly, we will then be able to deal with Pk and Qk at the same time.
We now claim that the cohomogeneity one metrics from Section 1 with
f = fi := 〈X∗i ,X∗i 〉 all constant and equal
in fact are connection metrics for the principal L-bundle π : M → B. Indeed, the horizontal space
is invariant under L by definition. For inner products along orbits we have 〈A∗, B∗〉gπ(c(t)) =
〈Ad(g−1)A,Ad(g−1)B〉π(c(t)) for A,B ∈ g. Since fi = f is constant and the {1} × S3 action
commutes with the S3×{1} action we see that 〈X∗i ,X∗j 〉 are constant along S3× S3 orbits as well
as along c. In particular, the X∗i are orthogonal everywhere, with constant length
√
f . Setting
f = ǫ, the metric is a connection metric as in (2.1) scaled by ǫ.
The vertical space V at any point of an S3×{1} orbit is spanned by the X∗i , i.e.,
V = span{X∗i }
For the horizontal space H we thus have:
H = span{T, Vi}, where T := c′(t) and Vi := Y ∗i −
∑
j
1
f
〈Y ∗i ,X∗j 〉X∗j
Note that since 〈Y ∗i ,X∗j 〉 are not constant along either S3 orbit, the vector fields Vi are not
action fields. But along c the vector fields Vi are orthogonal with:
Vi = Y
∗
i −
hi
f
X∗i , 〈Vi, Vi〉 = gi −
h2i
f
=
fgi − h2i
f
=: v2i
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The second S3 = {1}× S3 induces an action on the quotient B and for the induced basis i, j, k
we denote the action fields by W ∗i . Then Vi are the horizontal lifts of W
∗
i and hence
〈W ∗i ,W ∗i 〉 = v2i , 〈W ∗i ,W ∗j 〉 = 0 for i 6= j
We now define the unit vectors
Zi =W
∗
i /|W ∗i | and their horizontal lifts Z¯i = Vi/|Vi|.
From now on all curvatures will be expressed in terms of the unit vectors T , Zi and Z¯i (and
the vectors X∗i ). Notice that these are well defined (along the normal geodesic c(t)) even at the
singular orbits and hence all curvature conditions hold on all of M .
The data (f, hi, vi) completely describe the metric since we can recover gi via gi = v
2
i + h
2
i /f .
We want to scale the metric in direction of the fibers by an amount ǫ, keeping the horizontal
space and the metric on the base the same. We claim that this corresponds to:
(2.2) (f, hi, vi)→ (ǫf, ǫhi, vi) and gi → v2i + ǫ
h2i
f
= gi − (1− ǫ)h
2
i
f
Indeed, we then have in the new metric
〈Xi,Xi〉 = ǫf , 〈Xi, Vi〉 = 〈Xi, Yi − hi
f
Xi〉 = ǫhi − hi
f
ǫf = 0
and
〈Vi, Vi〉 = 〈Yi − hi
f
Xi, Yi − hi
f
Xi〉 = v2i + ǫ
h2i
f
− 2hi
f
ǫhi +
h2i
f2
ǫf = v2i
Since we want to study conditions for positive curvature under the assumption that ǫ→ 0, it
does not matter where we start, and we will thus set f = 1 from now on. Then the metric is
described by the functions (1, hi, vi) and is changed to (ǫ, ǫhi, vi) under scaling.
In this language, our new example of positive curvature is described by the formulas in (4.1)
for the vi functions and (4.2) for the hi functions.
For the connection form θ we have
(2.3) θ(X∗i ) = Xi , θ(Vi) = θ(T ) = 0 and thus θ(Y
∗
i ) = hiXi
Thus the functions hi can be considered to be the principal connection whereas the vi’s represent
the metric on the base.
Smoothness of connection metrics.
We now describe the smoothness of the metric in terms of vi and hi. For this we unify the
description of Pk and Qk, by regarding each as an orbifold principal bundle over S
4 as above. The
metric on the base, which we denote by Oℓ, has an orbifold singularity normal to the Veronese
surface with angle 2π/ℓ, as in the case for the Hitchin metric. Thus ℓ = 2k − 1 gives rise to a
metric on Pk and ℓ = 2k one on Qk. The metric we construct will only be C
2, and the smoothness
conditions are given by:
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Theorem 2.4. If ℓ > 2, a connection metric, described by the functions vi(t) on the base Oℓ,
and the principal connection hi(t), is C
2 if and only if:
v1(0) = 0 , v
′
1(0) = 4 , v
′′
1 (0) = 0 , v2(0) = v3(0) , v
′
2(0) = −v′3(0) , v′′2 (0) = v′′3 (0)
v2(L) = 0 , v
′
2(L) = −4/ℓ , v′′2 (L) = 0 , v1(L) = v3(L) , v′1(L) = v′3(L) = 0 , v′′1 (L) = v′′3 (L)
and the principal connection satisfies:
h1(0) = −1 , h′1(0) = 0 , h2(0) = h3(0) , h′2(0) = −h′3(0) , h′′2(0) = h′′3(0)
h2(L) =
ℓ+ 2
ℓ
, h′2(L) = 0 , h1(L) = h3(L) = 0 , h
′
1(L) = −h′3(L) , h′′1(L) = h′′3(L) = 0
Proof. Using gi = v
2
i +h
2
i and fi = 1, this easily follows from the general smoothness conditions in
Theorem 6.1. Notice though that the ineffective kernel for the action of K± on the normal sphere
is Z4 for the Pk family and Z2 for the Qk family. Due to this fact, the smoothness conditions
take on the same form. 
Remark. A crucial difference between ℓ = 1 and ℓ > 1 in this language is that v′1(L) = 0 is
necessary when ℓ > 1, but not when ℓ = 1. For ℓ = 2, the smoothness conditions are as stated
in Theorem 2.4, except that h′′1(L) = 0 is not required. Thus the simple expressions for the
functions of the positively curved metrics on P1 = S
7 and and the Aloff Wallach space P2 (see
[Zi2]) cannot be a guide anymore for what a positively curved metric should look like for ℓ > 2.
Curvature of connection metrics.
In the remainder of the paper, the metric 〈·, ·〉 denotes the ǫ-scaled metric on the total space,
as well as the induced metric on the base.
For the curvature formulas of a connection metric it turns out to be useful to introduce the
following abbreviations. For the curvature on the base we set:
Lk := 〈RB(Zk, T )Zk, T 〉 = −
v′′k
vk
Mk := 〈RB(Zi, Zj)Zi, Zj〉 =
2v2k(v
2
i + v
2
j )− 3v4k + (v2i − v2j )2
v2i v
2
j v
2
k
− v
′
i
vi
v′j
vj
(2.5)
Nk := 〈RB(Zi, Zj)Zk, T 〉 = −2
v′k
vivj
+
v′i
vi
v2i + v
2
k − v2j
vivjvk
+
v′j
vj
v2j + v
2
k − v2i
vivjvk
where (i, j, k) is a cyclic permutation of (1, 2, 3). Notice in particular that the most basic property
a positively curved metric on the base must satisfy is that the functions vi have to be concave.
For the principal connection we set:
αi =
h′i
2vi
, βi = −hi + hjhk
vjvk
Aij = (βk, βi, αi) · (2hj
vj
,
v2k + v
2
i − v2j
vivjvk
,
v′j
vj
)(2.6)
Bij = (αk, αi, βi) · (2hj
vj
,
v2k + v
2
i − v2j
vivjvk
,
v′j
vj
).
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With this terminology we can now state.
Theorem 2.7. The curvature tensor of a connection metric, scaled by ǫ in the direction of
the fibers, is given by
RX∗i Z¯iX∗i Z¯i
= ǫ2α2i , RX∗i X∗jX∗kT = 0
RX∗i Z¯iX∗j Z¯j = ǫβk − ǫ
2βiβj , RX∗i X∗j Z¯kT = −2ǫαk + ǫ
2 (αiβj + αjβi)
RX∗i X∗jX∗i X∗j = ǫ , RX∗i Z¯jX∗kT
= ǫαj − ǫ2αiβk
RX∗i X∗j X∗i Z¯j
= 0 , RX∗i Z¯j Z¯kT
= ǫBij
RX∗i X∗j Z¯iZ¯j
= 2ǫβk − ǫ2 (βiβj + αiαj) , RZ¯iZ¯jX∗kT = −ǫ(Bij +Bji)
RX∗i Z¯jX∗i Z¯j
= ǫ2β2i , RZ¯iZ¯j Z¯kT = Nk + ǫ · γ
RX∗i Z¯jX∗j Z¯i
= −ǫβk + ǫ2αiαj , RX∗i TX∗i T = ǫ2α2i
RZ¯iZ¯jX∗i Z¯j
= −ǫAij , RX∗i T Z¯iT = −ǫα
′
i
RZ¯iZ¯j Z¯iZ¯j =Mk − 3ǫβ2k , RZ¯iT Z¯iT = Li − 3ǫα2i
where i, j, k is a cyclic permutation of (1, 2, 3). All other components of the curvature tensor are
equal to 0.
In the above formulas, γ is a more complicated expression, but it will not enter in the curvature
conditions when ǫ → 0. Theorem 2.7 follows easily from the curvature tensor for a general
cohomogeneity one manifold in Theorem 6.6 in the Appendix.
Remark 2.8. (a) One easily shows that the curvature Ω of the principal connection, and thus
the O’Neill tensor −12Ω of the Riemannian submersions Pk → S4 and Qk → CP2, is deter-
mined by: Ω(T, Z¯i) = αiXi , Ω(Z¯i, Z¯j) = βkXk, with (i, j, k) cyclic, and hence αi, βi encode
the curvature Ω. Similarly, from (∇AΩ)(B,C) = 2
∑
i〈R(X∗i , A)B,C〉Xi for any horizontal
A,B,C it follows that Aij and Bij encode the covariant derivative of Ω. Hence it easily fol-
lows that the metric is 3-Sasakian if and only if ǫ = 1, α1 = α2 = β3 = 1, α3 = β1 = β2 =
−1, (the signs are determined by the smoothness conditions) and Aij = Bij = 0.
(b) One easily sees that the bundle is fat, i.e. all vertizontal curvatures are positive, if and only
if αi 6= 0, βi 6= 0. Notice that the bundles Pk and Qk over S4 all admit fat principal connections
since they carry a 3-Sasakian metric [GWZ].
(c) If we divide by {1} × S3, instead of S3×{1}, we obtain a second orbifold principal bundle
and one easily sees that this bundle cannot have a fat principal connection by using βi 6= 0 and
smoothness. Similarly, one shows that the exceptional manifolds R with slopes (1, 3) and (2, 1)
[GWZ] does not admit any fat principal connection for both orbifold principal bundles. The same
holds for the cohomogeneity one action on the 7-dimensional Berger space, where the slopes are
(1, 3) and (3, 1) [Zi2].
(d) All 2-planes which contain the vector T have positive curvature if and only if
(
α′i
αi
)2
< Li , 1 ≤ i ≤ 3
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which follows by looking at all 2-planes of the form (T,X∗i +sZ¯i) for some s. Similarly, a necessary
condition for all 2-planes tangent to the principal orbit to have positive curvature is that
A2ij < β
2
iMk for all i, j, k distinct
which follows by looking at 2-planes of the form (Z¯j , Z¯i + sX
∗
i ) , i 6= j.
3. The Curvature Operator and invariant 4-forms
In this section we discuss the Thorpe method adapted to our situation, and our choice of a
suitable auxiliary invariant 4-form to be used to modify the curvature operator.
For the 7-manifolds Pk, Qk it seems to be quite difficult to obtain necessary and sufficient
conditions for all 2-planes to have positive curvature in terms of the components of Rˆ. Instead
we develop in the following a set of sufficient conditions which are easier to verify.
For this, we use a method for estimating sectional curvature due to Thorpe [Th1], [Th2] [Pu¨],
which we now review. If we denote by V the tangent space at a point in a manifold M , we can
regard the curvature tensor as a linear map
Rˆ : Λ2V → Λ2V,
which, with respect to the natural induced inner product on Λ2V , becomes a symmetric endo-
morphism. The sectional curvature is then given by:
sec(v,w) = 〈Rˆ(v ∧ w), v ∧ w〉
if v,w is an orthonormal basis of the 2-plane they span.
If Rˆ is positive definite, the sectional curvature is clearly positive as well. But this condition
is exceedingly strong since it in particular implies that the manifold is covered by a sphere [BW].
As was first pointed out by Thorpe, one can modify the curvature operator by using a 4-form
η ∈ Λ4(V ). It induces another symmetric endomorphism ηˆ : Λ2V → Λ2V via 〈ηˆ(x ∧ y), z ∧ w〉 =
η(x, y, z, w). We can then consider the modified curvature operator Rˆη = Rˆ + ηˆ. It satisfies all
symmetries of a curvature tensor, except for the Bianchi identity. Clearly Rˆ and Rˆη have the
same sectional curvature since
〈Rˆη(v ∧ w), v ∧ w〉 = 〈Rˆ(v ∧ w), v ∧ w〉+ η(v,w, v, w) = sec(v,w)
If we can thus find a 4-form η with Rˆη > 0, the sectional curvature is positive. Thorpe showed
[Th2] that in dimension 4, one can always find a 4-form such that the smallest eigenvalue of Rˆη
is also the minimum of the sectional curvature, and similarly a possibly different 4-form such
that the largest eigenvalue of Rˆη is the maximum of the sectional curvature. This is not the
case anymore in dimension bigger than 4 [Zo]. Nevertheless this can be an efficient method to
estimate the sectional curvature of a metric. In fact, Pu¨ttmann [Pu¨] used this to compute the
maximum and minimum of the sectional curvature of all positively curved homogeneous spaces,
which are not spheres. It is peculiar to note though that this method does not work to determine
which homogeneous metrics on S7 have positive curvature, see [VZ1].
To illustrate this method, we first derive necessary and sufficient conditions for positive cur-
vature on the base, although in the end, positive curvature on the base will be a consequence of
the positivity of the determinants in Section 5.
Using the orthonormal basis Zi, T of the tangent space along the normal geodesic described in
Section 2, and letting dθi be the one forms dual to Zi, we have:
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Theorem 3.1. The cohomogeneity one metric
ds2 = dt2 + v21(t)dθ
2
1 + v
2
2(t)dθ
2
2 + v
2
3(t)dθ
2
3
has positive curvature if and only if
Li > 0 , Mi > 0 and |Ni −Nj | <
√
LiMi +
√
LjMj .
where Li,Mi, Ni are the curvature components defined in (2.5).
Proof. Using the orthonormal basis Z1, Z2, Z3, T of the tangent space V , we write Λ
2V as the
direct sum of the following three 2-dimensional subspaces:
{Z1 ∧ Z2 , Z3 ∧ T} , {Z2 ∧ Z3 , Z1 ∧ T} , {Z3 ∧ Z1 , Z2 ∧ T} .
Notice that these are in fact inequivalent to each other under the action of the isotropy group
{±1,±i,±j,±k} and hence the curvature operator Rˆ : Λ2V → Λ2V breaks up into three 2 × 2
blocks. If we modify this curvature operator with the 4-form η = d ·Z1∧Z2∧Z3∧T , the modified
operator Rˆη = Rˆ+ ηˆ consists of the following blocks
(3.2)
(
Mi Ni + d
Ni + d Li
)
i = 1, 2, 3.
Assuming that Li > 0, Mi > 0 this matrix is positive definite if and only if d lies in the interval
Ik := [Ck −Rk, Ck +Rk] with center Ck = −Nk and radius Rk =
√
LkMk. For Rˆη to be positive
definite, we thus need to find a d that lies in the intersection of these three intervals. On the
other hand, the intervals Ik intersect if and only if |Ci − Cj | < Ri + Rj for all i < j. Since, as
was shown by Thorpe, this method in dimension 4 always finds the minimum of the sectional
curvature for suitable d, the result follows. 
For the 7-manifolds Pk, we use the fact that the curvature operator Rˆ commutes with any
isometry and hence the action of the isotropy group H. We therefore choose the basis of Λ2V ,
where V = span{T,X∗i , Z¯i}, as follows:
{X∗1 ∧ Z¯1, X∗2 ∧ Z¯2, X∗3 ∧ Z¯3}
{X∗1 ∧X∗2 , X∗1 ∧ Z¯2, Z¯1 ∧X∗2 , X∗3 ∧ T, Z¯1 ∧ Z¯2, Z¯3 ∧ T}
{X∗2 ∧X∗3 , X∗2 ∧ Z¯3, Z¯2 ∧X∗3 , X∗1 ∧ T, Z¯2 ∧ Z¯3, Z¯1 ∧ T}
{X∗3 ∧X∗1 , X∗3 ∧ Z¯1, Z¯3 ∧X∗1 , X∗2 ∧ T, Z¯3 ∧ Z¯1, Z¯2 ∧ T}
The action of H is trivial on the first space, and the action on the remaining 3 spaces are
inequivalent to each other, whereas on each individual space, it acts the same on all six vectors.
Thus the curvature operator can be represented by a matrix that splits up into one 3× 3 block,
which we denote by A0, and three 6× 6 blocks, denoted A12, A23 and A31 respectively.
The needed considerations for the 6× 6 blocks can easily be reduced further to the lower 5× 5
blocks by using the following observation. If one uses a Cheeger deformation by an isometric
action of G = SU(2) or SO(3) on a Riemannian manifold, then as long as all 2-planes whose
projection onto the G orbits is one dimensional are positively curved, the Cheeger deformation
will automatically produce positive sectional curvature on all 2-planes, when the metric is shrunk
sufficiently in the orbit direction (see e.g. [Mu¨], [PW2]). If one applies this observation to the
S3 action on the base, it shows that all curvatures will eventually become positice as long as
sec(T,Zi) is positive, i.e. vi is concave (2.5). In particular, there are no obstructions to obtaining
positive curvature on the base for any ℓ. When applied to a deformation of the metric on the
7-manifold by the first factor in S3× S3, it shows that only the lower 5x5 block is needed. In the
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following Aij will denote this lower 5× 5 block. Notice though that such a Cheeger deformation
stays within the class of connection metrics, in fact corresponds precisely to letting ǫ → 0. We
also point out that our proof in Section 5 works just as easily for the 6x6 matrix directly as well.
We now modify Rˆ with a 4-form η on V . As was observed by Pu¨ttmann, the 4-form η can be
assumed to be invariant under the isometry group and hence we choose η to be invariant under
the action of H = △Q on V . One easily sees that such 4-forms are of the form
η =a3X
∗
1 ∧X∗2 ∧ Z¯1 ∧ Z¯2 + a1X∗2 ∧X∗3 ∧ Z¯2 ∧ Z¯3 + a2X∗3 ∧X∗1 ∧ Z¯3 ∧ Z1
+ b2X
∗
1 ∧ Z¯2 ∧X∗3 ∧ T + b1Z¯1 ∧X∗2 ∧X∗3 ∧ T + b3X∗1 ∧X∗2 ∧ Z¯3 ∧ T(3.3)
+ c1X
∗
1 ∧ Z¯2 ∧ Z¯3 ∧ T + c2Z¯1 ∧X∗2 ∧ Z¯3 ∧ T + c3Z¯1 ∧ Z¯2 ∧X∗3 ∧ T
+ d1X
∗
1 ∧X∗2 ∧X∗3 ∧ T + d2Z¯1 ∧ Z¯2 ∧ Z¯3 ∧ T
for some constants ai, bi, ci, di, which we will call Pu¨ttmann parameters from now on.
The optimal choice of these Pu¨ttmann parameters is in general a difficult problem. For our
metrics we set
ai = ǫ βi − ǫ2βjβk
bi = −ǫαi + 1
2
ǫ2(αjβk + αkβj)(3.4)
ci = 0, d1 = 0, d2 = −N2.
We shortly motivate this choice. Using the curvature formulas in Theorem 2.7, we see that the
matrix A0 takes on the form
A0 =

 ǫ2α21 ǫ β3 − ǫ2β1β2 − a3 ǫ β2 − ǫ2β1β3 − a2ǫ β3 − ǫ2β1β2 − a3 ǫ2α22 ǫ β1 − ǫ2β2β3 − a1
ǫ β2 − ǫ2β1β3 − a2 ǫ β1 − ǫ2β2β3 − a1 ǫ2α23


Our choice of ai makes this matrix diagonal, and αi 6= 0 then implies that it is positive definite.
Each one of the parameters bi and ci occur in one 2 × 2 minor (centered along the diagonal) of
each Aij matrix. As in the proof of Theorem 3.1, they have positive determinant if and only
if three intervals intersect, which suggests a reasonable choice for their values. The Pu¨ttmann
parameter d1 only corresponds to entries in the curvature matrix that are 0 for a connection
metric. We thus set d1 = 0. The last Pu¨ttmann parameter d2 is contained in the three lower
2× 2 blocks (
Mi − 3ǫβ2i Ni + d2 + ǫγ
Ni + d2 + ǫγ Li − 3ǫα2i
)
whose positivity is guaranteed when the modified curvature operator on the base is positive
definite, as ǫ→ 0. For our metrics, it turns out that d = −N2 is sufficient.
One now easily shoes that the lower 5 × 5 block of the thus modified curvature matrix Aij
takes on the form

ǫ2β2i ǫ
2(βiβj − αiαj) 12ǫ2(αkβi − αiβk) −ǫAij ǫBij
ǫ2(βiβj − αiαj) ǫ2β2j 12ǫ2(αkβj − αjβk) −ǫAji ǫBji
1
2ǫ
2(αkβi − αiβk) 12ǫ2(αkβj − αjβk) ǫ2α2k −ǫ(Bij +Bji) −ǫα′k−ǫAij −ǫAji −ǫ(Bij +Bji) Mk − 3ǫβ2k Nk + ǫγ + d2
ǫBij ǫBji −ǫα′k Nk + ǫγ + d2 Lk − 3ǫα2k


For example, the second entry in the first row is equal to 〈Rˆ(X∗1∧Z¯2), Z¯1∧X∗2 〉+η(X∗1 , Z¯2, Z¯1,X∗2 ) =
ǫβ3 − ǫ2α1α2 − a3 = ǫ2(β1β2 − α1α2) and similarly for the other entries.
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In the above matrix we can remove an ǫ from the first 3 rows and columns and, as ǫ → 0,
replace the lower 2× 2 block by the one in (3.2). We need to show that this new matrix, which
does not depend on ǫ anymore, is positive definite. By Sylvester’s theorem it suffices to show
that the determinants of the k × k minors in the upper block (consisting of rows and columns 1
through k) are positive for k = 1, . . . , 5. Since this also implies that αk 6= 0, A0 positive definite
as well.
It is also instructive to notice that under the assumption that the metric is 3-Sasakian, all but
one of the off diagonal components of the modified curvature matrix Aij vanish, due to the above
choice of the Pu¨ttmann parameters. Hence the modified curvature operator is positive definite
as long as the sectional curvature on the base is positive, thus recovering the main theorem in
[De1] in our context. It is thus useful to stay close to a 3-Sasakian metric.
4. Metric on the base and principal connection
For our connection metric, the functions vi and hi are given by piecewise polynomials, which
we choose as follows:
vi functions.
v1 =


4 t− 10 t3, 0 < t < 1/10
p1(t), 1/10 < t < 1/2
5
4
− 3 (t− L)2 + (t− L)3, 1/2 < t < L
v2 =


149/200 − 11
9
t− 1
10
t2 − 1
25
t3, 0 < t < 1/10
p2(t), 1/10 < t < 1/2
−4
3
(t− L) + 3
10
(t− L)3, 1/2 < t < L
(4.1)
v3 =


149/200 +
11
9
t− 1
10
t2 − 7
10
t3, 0 < t < 1/10
p3(t), 1/10 < t < 1/2
5
4
− 3 (t− L)2 − 3(t− L)3, 1/2 < t < L
where L = 58100 .
The polynomials pi(t) are chosen to be the unique degree 5 polynomials such that the new
piecewise function is C2 at t = 1/10 and t = 1/2. From the smoothness conditions in Theorem 2.4,
one sees that the metric is C2 at t = 0 and t = L. The third derivatives though show that the
metric is not C3. For the principal connection we choose:
hi functions.
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h1 =


−1 + 4t2 − 4t4, 0 < t < 1/10
q1(t), 1/10 < t < 1/2
31
12
(t− L)− 16
7
(t− L)3, 1/2 < t < L
h2 =


21
17
+
16
11
t− 21
17
t2 +
1
10
t3, 0 < t < 1/10
q2(t), 1/10 < t < 1/2
5
3
− 4
3
(t− L)2 + 1
4
(t− L)4, 1/2 < t < L
(4.2)
h3 =


21
17
− 16
11
t− 21
17
t2 − 1
10
t3, 0 < t < 1/10
q3(t), 1/10 < t < 1/2
−31
12
(t− L) + 20
11
(t− L)3, 1/2 < t < L
where qi(t) are again the unique degree 5 polynomials such that the principal connection is C
2.
It is interesting to note that if we choose as a principal connection the Levi-Civita connection of
the metric in (4.1), the resulting metric on P2 does not have positive curvature.
This metric was obtained as follows. We first find piecewise polynomial functions hi such that
the principal connection is a very close approximation of the Levi-Civita principal connection
associated to the Hitchin metric. For the Hitchin metric on the base, the functions v2 and v3
are not concave at t = 0 as required by positive curvature. We fist stay close to the convex hull
of the Hitchin metric and then deform it further in order to satisfy the necessary and sufficient
conditions in Theorem 3.1 in order to produce a metric on the base with positive curvature. One
then makes further changes to this metric, keeping the principal connection the same, until the
necessary conditions in Remark 2.8 (d) are satisfied. No further changes were necessary in order
to make the determinants described in Section 3 positive. In Figure 1 we give a picture of the vi
functions together with the Hitchin functions on the left, and the hi functions on the right.
5. Positivity of the determinants
As explained in Section 3, our proof will show that the modified curvature operator is positive
definite by choosing the 4-form as in (3.3), with Pu¨ttmann parameters (3.4). For this we need
to prove that the determinants of the k × k minors in the upper block of the 5× 5 matrices Aij
(consisting of rows and columns 1 through k) are positive for k = 1, . . . , 5. We divide the interval
[0, L] into the three subintervals [0, 110 ], [
1
10 ,
1
2 ] and [
1
2 ,
58
100 ] on which our metric is defined by
polynomials. Each determinant is thus a rational function in the arclength parameter t whose
coefficients are rational as well. To show that it is positive, we use a theorem due to Sturm (see
[Ja]) that gives a simple procedure for counting zeroes of a polynomial with rational coefficients
on a closed interval in terms of a Euclidean algorithm.
To be specific, let p(t) be a polynomial with integer coefficients. One inductively defines a finite
sequence of polynomials (Sturm’s sequence) with p1 = p(t), p2 = p
′(t) and pi+1 = −rem(pi, pi−1)
where rem() is the remainder of the polynomial division. If p(t) and p′(t) have no common zeros,
the last remainder pk(t) is a nonzero constant. Otherwise pk(t) = 0 and pk−1(t) is a common
factor of p(t) and p′(t), corresponding to double roots of p(t), and thus p and p/pk−1 have the
same zeroes. In this case the Sturm sequence for p is that of p/pk−1. Now Sturm’s theorem states
that if pi(t), i = 1 . . . k is the Sturm sequence of p(t), then the number of real zeroes in the half
open interval (a, b] is equal to the difference in the number of sign changes (not counting any
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new
Hitchin
v2
v3
v1
0
0.7
1.2
0.2 0.4 L
h1
h2
h3
–1
0
1
1.6
0.2 0.4 L
Figure 1. vi functions and Hitchin functions, as well as hi.
zeroes) in the sequence [p1(a), . . . , pk(a)] and the sequence [p1(b), . . . , pk(b)]. Since the endpoints
of the 3 intervals are rational numbers, the same is true for the sequences [p1(a), . . . , pk(a)] and
[p1(b), . . . , pk(b)]. Thus the proof only deals with calculations involving rational numbers.
The degrees of the determinant polynomials are quite large, but one can easily modify the
above procedure to significantly reduce these degrees, so that the proof can be carried out by
hand: In each subinterval we translate the parameter t in vi and hi so that the determinants are
polynomials f(s) of a variable s defined in [0, S]. We define a new polynomial g(s) that collects
all the monomials in f(s) with negative coefficient. Then the derivatives g(k)(s) are non-positive
decreasing functions of s for any k ≥ 0. In particular g(k)(s) ≥ g(k)(S). If fk(s) denotes the
truncated polynomial collecting the monomials of f(s) of order ≤ k−1, the remainder at a point
s ∈ [0, S] is given by Taylor’s formula and can be estimated by
1
k!
f (k)(s0(s))s
k ≥ 1
k!
g(k)(s0(s))s
k ≥ 1
k!
g(k)(S)Sk = R
independently of s. Since we choose S to be rational, R is rational as well. Then
f(s) ≥ fk(s) +R
and we prove that this last polynomial is positive in [0, S] using Sturm’s theorem as above. In this
procedure we need to divide the interval in the middle into 4 further subintervals. It turns out
that the degree of fk will be smaller than 20, in most cases smaller than 10. A Maple program that
carries out these calculations is made available at www.math.upenn.edu/˜wziller/research.html.
Notice that Maple can do this symbolically, i.e., no floating point operations are used.
For illustrative purposes, we draw the graph of the determinants in Figure 3. The determinants
of the 4 × 4 and 5 × 5 minor in the matrix A23 is not included in the second picture since its
values lie between 5 and 25.
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 1x1, 2x2 and 3x3 minor determinants
0.5
1
1.5
0.2 0.4 L
 4x4 and 5x5 determinants  
0.2
1
2
3
0.2 0.4 L
Figure 2. Determinants of all 5 minors in Aij
6. Appendix
Smoothness of metrics on Pk and Qk.
At the endpoints t = 0 and t = L, the principal orbits collapse and hence the functions need to
satisfy certain smoothness conditions. Smoothness conditions for cohomogeneity one manifolds
have been discussed, e.g., in [BH] and [EW]. For convenience of the reader, we present here an
elementary proof in the case of codimension 2 orbits.
We do this first for arbitrary slopes (p, q) of the circle K0 ⊂ S3× S3 since this makes the
discussion more transparent and for convenience we assume the singular orbit occurs at t = 0.
We will also assume that only the inner products in (1.2) are non-zero, although in this generality
this is not necessarily true for all G invariant metrics.
Theorem 6.1. Let H ⊂ K = {eipθ, eiqθ} ·H ⊂ G = S3× S3 be a singular orbit at t = 0 with
H finite, |H ∩ K0| = k, and gcd(p, q) = 1. Assuming that fi, gi, hi are the only non-vanishing
inner products, the metric is smooth if and only if:
(a) For the collapsing functions f1, g1, h1 we have:
f1, g1, h1 are even at t = 0 and
p f1 = −q h1 , q g1 = −p h1
p2 f ′′1 + q
2 g′′1 + 2pq h
′′
1 = 2k
2
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(b) For the remaining functions we have:
f2 + f3 = φ3(t
2) f2 − f3 = t
4|p|
k φ4(t
2),
g2 + g3 = φ5(t
2) g2 − g3 = t
4|q|
k φ6(t
2),
h2 + h3 = t
2|q−p|
k φ7(t
2) h2 − h3 = t
2|q+p|
k φ8(t
2).
’
where φi are smooth functions. When the exponent in t is a fraction, the right hand side should
be set to 0.
Proof. First notice that by G invariance of the metric, it is smooth as long as the restriction to a
slice V , i.e. a disc orthogonal to the singular orbit G/K, is smooth. The metric is defined along
a line in V and needs to be extended by K0 invariance. Thus the issue is wether this extension
is smooth at 0 ∈ V .
In the following sequence of lemmas we do not yet make any assumption on the group G, but
only assume that the singular orbit G/K has codimension 2. We start with the metric on the
slice V ≃ R2 ≃ C2. If K0 = {eiθ | 0 ≤ θ ≤ 2π}, the action on the slice is given by multiplication
with eikθ since |H ∩K0| = k. If we let Z = d
dθ
∈ k and f(t) = |Z∗(c(t))|2, the usual proof for the
smoothness of a metric in polar coordinates shows that
Lemma 6.2. With the notation defined above, the metric on V is smooth if and only if f(t) =
k2t2 + t4φ(t2) for some smooth function φ.
Let g = m ⊕ k and k = h ⊕ p be Q orthogonal decompositions. Notice that dim p = 1 since
K/H is one dimensional. Furthermore, since K0 = S
1, the K0 irreducible modules in m are either
trivial or two dimensional. In the case of a trivial module we have:
Lemma 6.3. Let X be a vector in a one dimensional subspace m0 of m on which K0 acts
trivially, and Z ∈ p as above. If the representation of H on m0 and p are equivalent, then the
metric is smooth if and only if, in addition to f(t) = |Z∗|2
c(t) = k
2t2 + t4φ1(t
2), we have
|X∗|2c(t) = φ2(t2), and 〈Z∗,X∗〉c(t) = t2φ3(t2)
for some smooth functions φi. If the representation of H on m0 and p are inequivalent, we have
〈Z∗,X∗〉c(t) = 0.
Indeed, since K0 fixes X, the inner products are even functions of t. Furthermore, Z
∗ and X∗
are orthogonal at c(0) since the slice V is orthogonal to the singular orbit G/K. The proof now
is similar to the proof of Lemma 6.2.
If m1 ⊂ m is a 2-dimensional K0 irreducible module, invariant under H, we identify m1 ≃ C,
in which case the action of K0 will be given by z → eidθz for some d ∈ Z. By possibly changing
the order of the basis in m1 and p if necessary, we may assume that d > 0, k > 0. In the natural
basis of C we let g11, g22, g12 be the inner products of the basis vectors along c(t).
Lemma 6.4. With the notation defined above, the restriction of the metric to the K irreducible
module m1 admits a smooth extension to the singular orbit if and only if k divides 2d and
(g11 − g22)(t) = t2
d
kφ1(t
2), g12(t) = t
2 d
kφ2(t
2), (g11 + g22)(t) = φ3(t
2)
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where φi(t) are smooth functions. When the exponent in t is a fraction, the right hand side should
be set to 0.
Proof. We extend the inner products gij to functions along the slice V . Let P be the restriction
of the metric tensor to m1 and R(θ) represent a rotation by θ. Since e
iθ ∈ K0 acts by eikθ on the
slice V ≃ C and by eidθ on m1, the K0 invariance of the metric can be written in matrix form:
P (eikθp) = R(dθ)P (p)R(−dθ), p ∈ V
In other words,

g11(e
ikθp) = cos2(dθ) g11(p) + sin
2(dθ) g22(p)− 2 sin(dθ) cos(dθ) g12(p)
g12(e
ikθp) = (cos2(dθ)− sin2(dθ)) g12(p)− sin(dθ) cos(dθ) (g22(p)− g11(p))
g22(e
ikθp) = sin2(dθ) g11(p) + cos
2(dθ) g22(p) + 2 sin(dθ) cos(dθ) g12(p)
If we set w = (g11 − g22) + 2ig12, then one easily shows that the above equations are equivalent
to: {
(g11 + g22)(e
kiθp) = (g11 + g22)(p))
w(ekiθp) = e2diθw(p)
Notice that if w vanishes identically, this implies that the metric is smooth if and only if g11 = g22
is even. If not, the second equation shows that w is only well defined when k divides 2d. It then
reduces to
w(teiθ) = e2
d
k
iθw(t), t ∈ R
or equivalently
z−2
d
kw(z) = t−2
d
kw(t).
If g(z) = z−2
d
kw(z), it follows that g(z) and g11 + g22 are K-invariant functions on V . Such
functions admit a smooth extension to the origin if and only if they are even and thus
w(z) = z2
d
k (φ1(t
2) + iφ2(t
2)), (g11 + g22)(z) = φ3(t
2)
Separating the real and the imaginary part and restricting to the normal geodesic proves our
claim. 
Next we deal with the case of two irreducible modules m1 ≃ C and m2 ≃ C under the action
of K0, whose restriction to H are equivalent. Inner products between vectors in m1 and m2 are
thus not necessarily 0. We choose bases {v1, w1} of m1 and {v2, w2} of m2 such that the action
of K0 on m1 is given by z → eidθz and on m2 by z → eid′θz for some d, d′ ∈ Z, and we can again
assume that d, d′, k are all positive. The inner products between m1 and m2 are then determined
by h11 = g(v1, v2), h12 = g(v1, w2), h21 = g(w1, v2) and h22 = g(w1, w2) along c(t). As in the
proof of Lemma 6.4, one easily shows:
Lemma 6.5. With the notation as above, the scalar products between elements of m1 and m2
admit a smooth extension to the singular orbit if and only if k divides d± d′ and
(h11 + h22)(t) = t
d′−d
k φ1(t
2), (h11 − h22)(t) = t
d′+d
k φ2(t
2)
(h12 − h21)(t) = t
d′−d
k φ3(t
2), (h12 + h21)(t) = t
d′+d
k φ4(t
2)
where φi(t), i = 1, . . . , 4, are smooth real functions. When the exponent in t is a fraction, the
right hand side should be set to 0.
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This sequence of lemmas deals with the general situation of a singular orbit of codimension
2. We now specialize to our situation with G = S3× S3. Here we have, in terms of the basis
Xi, Yi of g, irreducible modules m1 = {X2,X3} and m2 = {Y2, Y3}, a trivial module m0 spanned
by W = −qX1 + pY1 and p = k spanned by Z = pX1 + qY1.
Applying Lemma 6.2 and Lemma 6.3 (notice that H acts the same on p and m0) we get:
|Z∗|2 = p2 f1 + q2 g1 + 2pq h1 = k2t2 + t4 φ1(t2)
〈Z∗,W ∗〉 = −pq f1 + pq g1 + (p2 − q2)h1 = t2φ2(t2)
|W ∗|2 = q2 f1 + p2 g1 − 2pq h1 = φ3(t2)
This says in particular that f1, g1, h1 must be even. The equations for the values of the functions
and their first and second derivative at t = 0 can be solved and give rise to the conditions in
Theorem 6.1 (a).
On m1 the isotropy group K0 acts by rotation R(2pθ) and on m2 by R(2qθ). Furthermore, the
modules m1 and m2 are equivalent to each other under the action of H. Theorem 6.1 (b) then
follows by applying Lemma 6.4 and Lemma 6.5. Notice that in our situation g12 = h12 = h21 = 0,
as required by H invariance of the metric. This finishes the Proof of Theorem 6.1. 
Curvature tensor of metrics on Pk and Qk
The following gives the formula for the curvature tensor of a general cohomogeneity one metric
on Pk or Qk (and R).
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Theorem 6.6. A cohomogeneity one metric defined by (fi, gi, hi) with Di = figi−h2i , has the
following components of the curvature tensor, all others being 0.
RXiYiXiYi = −
1
4
(f ′ig
′
i − h′i2).
RXiYiXjYj = −hk −
1
Dk
{hihj(fk + gk) + hk(figj + fjgi)− hk(Di +Dj)} .
RXiXjXiXj = 2fi + 2fj − 3fk −
1
4
f ′if
′
j +
1
Dk
gk(fi − fj)2.
RXiXjXiYj = hj −
1
4
f ′ih
′
j −
1
Dk
(fi − fj)(hjgk + hihk).
RXiXjYiYj = −2hk −
1
4
h′ih
′
j −
1
Dk
{
hihj(fk + gk) + hk(h
2
i + h
2
j )
}
.
RXiYjXiYj = −
1
4
f ′ig
′
j +
1
Dk
{
h2i fk + h
2
jgk + 2hihjhk
}
.
RXiYjXjYi = hk +
1
4
h′ih
′
j +
1
Dk
hk(fi − fj)(gi − gj).
RYiYjXiYj = hi −
1
4
h′ig
′
j +
1
Dk
(hjhk + hifk)(gi − gj).
RYiYjYiYj = 2gi + 2gj − 3gk −
1
4
g′ig
′
j +
1
Dk
fk(gi − gj)2.
RXiXjXkT =
1
2
f ′i +
1
2
f ′j − f ′k +
1
2Di
(fj − fk)(gif ′i − hih′i)−
1
2Dj
(fi − fk)(gjf ′j − hjh′j).
RXiXjYkT = −h′k +
1
2Di
{
hj(fih
′
i − hif ′i)− hk(gif ′i − hih′i)
}
− 1
2Dj
{
hi(fjh
′
j − hjf ′j)− hk(gjf ′j − hjh′j)
}
.
RXiYjXkT =
1
2
h′j +
1
2Di
{
hj(gif
′
i − hih′i)− hk(fih′i − hif ′i)
}− 1
2Dj
(fi − fk)(gjh′j − hjg′j)
RXiYjYkT =
1
2
h′i +
1
2Di
(gj − gk)(fih′i − hif ′i)−
1
2Dj
{
hi(fjg
′
j − hjh′j)− hk(gjh′j − hjg′j)
}
RYiYjXkT = −h′k +
1
2Di
{
hj(gih
′
i − hig′i)− hk(fig′i − hih′i)
}
− 1
2Dj
{
hi(gjh
′
j − hjg′j)− hk(fjg′j − hjh′j)
}
.
RYiYjYkT =
1
2
g′i +
1
2
g′j − g′k +
1
2Di
(gj − gk)(fig′i − hih′i)−
1
2Dj
(gi − gk)(fjg′j − hjh′j)
RXiTXiT = −
1
2
f ′′i +
1
4Di
{
gif
′
i
2
+ fih
′
i
2 − 2hif ′ih′i
}
.
RXiTYiT = −
1
2
h′′i +
1
4Di
{
gif
′
ih
′
i + fih
′
ig
′
i − hif ′ig′i − hih′i2
}
.
RYiTYiT = −
1
2
g′′i +
1
4Di
{
gih
′
i
2
+ fig
′
i
2 − 2hih′ig′i
}
.
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with (i, j, k) is a cyclic permutation of (1, 2, 3).
Proof. We will use the following curvature formulas for a cohomogeneity one metric (see [GZ2]):
g(R(X,Y )Z,W ) =− 12Q(B−(X,Y ), [Z,W ]) − 12Q([X,Y ], B−(Z,W ))
+ 12Q(P [X,Y ]n, [Z,W ]n) +
1
4Q(P [X,Z]n, [Y,W ]n)
− 14Q(P [X,W ]n, [Y,Z]n)
+Q(B+(X,Z), P
−1B+(Y,W ))−Q(B+(X,W ), P−1B+(Y,Z))
+ 14Q(P
′X,Z)Q(P ′Y,W )− 14Q(P ′X,W )Q(P ′Y,Z)
g(R(X,Y )Z, T ) = 12Q([X,Y ], P
′Z)− 14Q([Z,X], P ′Y )− 14Q([Y,Z], P ′X)
− 12Q(P ′X,P−1B+(Y,Z)) + 12Q(P ′Y, P−1B+(Z,X))
g(R(X,T )T, Y ) =Q((−12P ′′ + 14P ′P−1P ′)X,Y )
where P defines the metric via g(X∗, Y ∗) = Q(P (X), Y ) and B±(X,Y ) =
1
2([X,PY ]∓ [PX, Y ]).
For our metrics we have
PXi = fiXi + hiYi , PYi = hiXi + giYi
and thus
P−1Xi =
1
Di
(giXi − hiYi) , P−1Yi = 1
Di
(−hiXi + fYi)
Since [Xi,Xj ] = 2Xk , [Yi, Yj ] = 2Yk, one has
B±(Xi,Xi) = B±(Yi, Yi) = B±(Xi, Yi) = 0
B±(Xi,Xj) = (fj ∓ fi)Xk , B±(Yi, Yj) = (gj ∓ gi)Yk , B±(Xi, Yj) = (hjXk ∓ hiYk)
with (i, j, k) cyclic. The formulas for the curvature tensor now easily follow by substituting. 
Using these formulas, one also easily derives the curvature formulas for a connection metric in
Theorem 2.7. We illustrate the procedure in one particular case, the others being similar.
Proof of Theorem 2.7: We will show that 〈R(X∗i , Z¯j)Z¯k, T 〉 = ǫBij .
Notice that since Vi = Y
∗
i −hiX∗i = viZ¯i are not action fields, [GZ2] can not be applied directly.
By expansion, we have:
vjvk〈R(X∗i , Z¯j)Z¯k, T 〉 = 〈R(X∗i , Vj)Vk, T 〉 = 〈R(X∗i , Y ∗j − hjX∗j )(Y ∗k − hkX∗k), T 〉
= 〈R(X∗i , Y ∗j )Y ∗k , T 〉 − hj〈R(X∗i ,X∗j )Y ∗k , T 〉 − hk〈R(X∗i , Y ∗j )X∗k), T 〉
+ hjhk〈R(X∗i ,X∗j )X∗k , T 〉
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We now use the curvature formulas from Theorem 6.6, where we replace fi by ǫ, hi by ǫhi and
gi by v
2
i + ǫh
2
i , as discussed in (2.2) for a scaled connection metric. We thus have
〈R(X∗i , Y ∗j )Y ∗k , T 〉 =
ǫ
2
(
v2i + v
2
k − v2j
v2i
h′i + hkh
′
j − 2(hi + hjhk)
v′j
vj
)
+
ǫ2
2
(
(h2k − h2j )h′i
v2i
− hjh
′
j(hi + hjhk)
v2j
)
〈R(X∗i ,X∗j )Y ∗k , T 〉 = −ǫh′k −
ǫ2
2
(
h′i
v2i
(hj + hihk) +
h′j
v2j
(hi + hjhk)
)
〈R(X∗i , Y ∗j )X∗k , T 〉 = ǫ
h′j
2
+
ǫ2
2
h′i
v2i
(hk + hihj)
〈R(X∗i ,X∗j )X∗k , T 〉 = 0
Combining these:
vjvk〈R(X∗i , Z¯j)Z¯k, T 〉 =
ǫ
2
(
v2i + v
2
k − v2j
v2i
h′i + hkh
′
j − 2(hi + hjhk)
v′j
vj
+ 2hjh
′
k − hkh′j
)
+
ǫ2
2
(
(h2k − h2j )h′i
v2i
− hjh
′
j(hi + hjhk)
v2j
+ hj
h′i
v2i
(hj + hihk) + hj
h′j
v2j
(hi + hjhk)− hk h
′
i
v2i
(hk + hihj)
)
and thus
vjvk〈R(X∗i , Z¯j)Z¯k, T 〉 = ǫ(hjh′k +
v2k + v
2
i − v2j
2v2i
h′i −
v′j
vj
(hi + hjhk)) = ǫvjvkBij
which shows that 〈R(X∗i , Z¯j)Z¯k, T 〉 = ǫBij.
We finally indicate how to prove the curvature formulas in (2.5) for the metric on the base.
In this case the metric is diagonal PW ∗i = v
2
iW
∗
i and thus B±(Wi,Wi) = 0 and B±(Wi,Wj) =
(v2j ∓ v2i )Wk, from which (2.5) easily follows as in the proof of Theorem 6.6.
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